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QUESTION 1. Solve for y(z): y? — % + % = 5. Given y(x) = = is a solution to the associated homogenous
equation.

QUESTION 2. An object weighing 8 pounds stretches a spring 2feet. Assume that an air-resistance is numerically
equals to 2 times the velocity of the motion x(t) acts on the system. a) Determine the equation of motion x(t) if the object
is initially released from the equilibrium position with an upward velocity 3 f¢/s.

b) Will the spring ever return to the equilibrium position? explain

c) If the answer to (b)is no, then at any time t > 0, will the motion of the spring be above or below the equilibrium
position? Explain

QUESTION 3. Solve for z(t), y(t)
a'(t) —y(t) =0
z(t) + y@ (t) = 2, where z(0) = 0,5(0) = 0,5/(0) =2

QUESTION 4. Let A(t) be the population of a small town at time ¢ where t is time in years. Given that the population
of the town now is 1000, and the rate of growth is proportional to (ﬁ + A(t)). If the population of the town after 1
year is 1200, what will be the population of the town after 3 years?

QUESTION 5. Given y/ —_— y4 —|_ 9y2 Find the critical points of the D.E, and label each as STABLE,
SEMI-STABLE, NON-STABLE. If the graph of a solution to the D.E is passing through the point (4, 0), then sketch a
rough graph of this solution. If the graph of a solution to the D.E. is passing through the point (4, -2), then sketch a rough
graph of this solution.

QUESTION 6. Given y = xe” is a solution to the D.E : a/y(z) —|— by/ —|— y — 633, where a, b are some
constants. Find the general solution to the D.E: ay(2> ‘|— by/ ‘|— y — O

dy __ 1
m—|—4y3x36_23/

QUESTION 7. Find the solution to % _

dy _ 2 im2(tty—1
QUESTION 8. Solve the DE: -~ = (CB + y) SN (x——i—y) — 1

QUESTION 9. Find the general solution to ny(z) — lOy/ + 11:_8y = 0 y(1) = 10, and
y'(1) = 31, what is THE SOLUTION of the D.E.

QUESTION 10. Solve for y(z) such that fox aje(x_z)y/(t) dt — sz(aj — 1), al’ld
y(2) =12

QUESTION 11. Find the general solution to S/l:n (ﬂf) y(Z) — COS (.flj) y, — 1 [hint [ csc?(z) dow =
—cot(z) + ]

QUESTION 12. Solve for z(¢) and y(t) : 2'(t) — y(¢) = 0, z(t) + fot y(r)dr=2t,z(1) = 1.
QUESTION 13. (i) ¢ = %[ Hint: by rearranging the equation we have 3y’ — £ = &, Bernouli, heren = —1,1—-n =

2, thus w = 32, the solution is y?> = 2%In(z?) + cx? = 222%In(|z|) + cz?]

Qz+a?)e®
e—3y

(ii) y' = (2z + 22)el@3) [ Hint: separable, y’ = , solution Fe™3 = 22e” + (]

(iii) ¢ = % [ Hint: separable, [y dy = [(2* +2) dz, do it]

(iv) ¥’ = (x +y)* + 8 [ Hint: reduced to sparable w = (z + y), dw/dx = 1 + dy/dx, dw/dx = w* + 9, solution:
3tan~'(w/3) = x + ¢, hence 3tan~'((x + y)/3) = = + c]

QUESTION 14. (i) e*y' + %y = 1 and = > O[ You end up with y = w so finish it now]

—1/z

— dx]

(i) 2%y’ +y = 1[youend up withy = —x |

€
x
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" -172 mz x
(ii) v +2y = [2;1ce$2 + e””z]\/y [you end up with [0.5 /2w He Je” g e
(iv) ¥ 4 32y = 2°3/y?

QUESTION 15. (i) find ¢~'{;2 5}

(ii) Find ¢~ {24

(iii) Find ¢~1{ ¢ =y 2+4}

(iv) Find ¢{u(z — 1)e® Vsin(z — 1)}

(v) Find £~ {22~

(vi) Find ¢{ f; e**~"sin(r) dr}

QUESTION 16. Find the largest interval around z so that the LDE: \/“%)y(“) +@-Dy=2?+13,y(1) =7,y(1) =
—6 has a unique solution.

QUESTION 17. 1) Show that ¢;sin(x)-+cacos(x) is a solution to the LDE : y(®) 4y = 0, where ¢/, ¢, are some constants.
2) Assume that y'(7) = 1 and y(7/2) = 1. Show that the given LDE has no solution in this case. Does this contradict
the Initial Value Theorem?
3) Assume that y/(7) = —1 and y(7w/2) = 1. Show that the given LDE has infinitely many solutions. Does this
contradict the Initial Value Theorem?

QUESTION 18. 1) Find ¢{e**},
— s+3
2)€ : { 52 —J7rs+6 .

3) Find ¢{5*+1)}

4) Find (' { L e i

QUESTION 19. Solve the following DE (use Laplace): 1) y® + 8y + 12y = e~2%, y(0) = 0, y/'(0) = 0.
2) 2y + 3y’ +y = sin(22)0, y(0) = 3 and ¢/ (0) = —2
QUESTION 20. (i) Find £{U(x — 3)72°}
(ii) Find ¢{ [, e"sin(2r) dr} [ Hint: Note e " = ¢33 3" Thus ¢{ [ e " sin(2r) dr} = t{e™>" [ €>* 3" sin(2r) dr}]

s+10
(iii) Find ¢~ ]{ 144

(iv) Find ¢~1{ -2 8+3 +4}

(v) Use CONVOLUTION Twice to find £ ! { S }
82 82—|—9)

(vi) Use convolution to find £~!{ } [Hint: Use 5]

(vii) Find E { 8¢ > }

(viii) Let

(s+4) ((s+4

<
k(z) = 2 0<zx<4
6 >4

Solve y® — 6y’ + 8y = k(x), y(0) = 4/ (0) = O [hint : first write K(x) in terms of Unit function]
(ix) Solve: y/(z) — [y 2e""y(r) dr = ze®, y(0) =0

QUESTION 21. Use undetermined Coeff. Method to solve for y(z):
() y® +6y —Ty=0
(i) y© — 7y + 10y =0
(iii) y™ +6y® +9y» =0
(iv) y© — 7y +10y* =10
) Y@ 46y —Ty=e"
(vi) @ +2y +20y =0
(vii) y® +2¢/ + 5y =22+ 3
(viil) y® + 6y’ — Ty = cos(x)
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(ix) ¥y + 2y + 5y = cos(x)

x) y? + 4y = sin(2x)

QUESTION 22. Use undetermined Coeff. Method to solve for y(z) for y, you may use substitution or Laplace as
in class:

(i) y@ + 14y’ + 49y = z’e7* [for yp here Laplace method take much less time than substitution / I think!, note that

here if you want use substitution y, = 2?(a72” + ag2® + ... + ag) ]

(i) y® + 9y’ + 8y = 2z + 3 [here yp Will take same time using either method, note y, = ax + b find a, b]

(i) y™® + y® = cos(z) [ note y5, = ¢ + c2z + c3cos(x) + cysin(x). Since cos(x) appears only once in y;, and the

given LDE = cos(x), we conclude y,, = z(acos(z) + bsin(x)), I guess substitution here is easier to find y,,.]

(iv) y® + 6y’ + 25y = e37[ Note yj, = e 3%(cicos(dx) + cpsin(4z)), for y, note that e =37 is not a solution to y.

Here, y, = ae3%, find a. Both method will take the same time. ]

) ¥ + 4y = sin(3z)[ Hint y, = cjcos(2z) + cpsin(2z), and y, = acos(3x) + bsin(3z). T guess substitution is

easier here!]

(vi) y® + 4y’ + 4y = (22 + 32 — 2)e~2*. [for y,, Laplace much easier!!!]

(vii) Solve z*y® + 523y’ + 322y = 0.

(viii)

Solve 3y® + 6y + 3 = e *U(z — 1). [Note here for y, must use laplace, I have no idea for substitution!]

QUESTION 23. Find the largest interval around z so that the LDE: 2=3)y*) 4 (z — 1)y = 22 +13,3/(1) = 7,y(1) =
—6 has a unique solution.

V3z+6

QUESTION 24. 1) Find ¢{¢**},
2)[—]{ s+3 }

s2—T5+6

QUESTION 25. Solve the following DE:

1) y® + 8y + 12y =4, y(0) = 1, ¢/(0) =
2)2y® + 3y +y =0, y(0) = 3 and ¢/ (0)

0.
=2

QUESTION 26. (i) A body at a temperature 50 F is placed outside where the temperature is 100 F. If after S minutes,

(i)

(iii)

(iv)

the temperature of the body is 60 F. a) How long it will take the body to reach 60 F? b) What is the temperature of the
body after 20 minutes?[Solution: dT'/dt = k(T — 100). Solve it by separable or first order linear. T' = ce~** 4 100.
Note that 7'(0) = 50 and T'(5) = 60. For (a): the answer is t = 15.4 minutes. For (b) the answer is 79.5F

Electric source of an electric circuit is given as F(t) = 100(sin(t) + cos(t)), the resistor-constance R = 100 Ohms,
the capacitor-constant ¢ = 0.01 Farad (No inductor is attached to the circuit). Initially, the charge on the capacitor
is 2. Find the current i(¢) in the circuit at any time ¢. Find the steady-state-current.

[Solution: i(t) = ¢’(t). We have 100¢’ + ¢(t)/0.01 = 100(sin(t) + cos(t)). Hence ¢'(t) + g(t) = sin(t) + cos(t).
Hence ¢(t) = [ e'(sin(t) + cos(t)) dt/e'. Thus q(t) = ce™" + sin(t)e’. Since ¢(0) = 2, we have ¢ = 2. Thus
i(t) = ¢'(t) = =2 " + cos(t)e' + sin(t)e’. Note that —2¢~* reaches 0 when ¢ is very huge. Hence the steady-
state-current is determined by cos(t)e! + sin(t)e’]

Electric source of an electric circuit is given as E(t) = 10> + ¢, the resistor-constance R = 10 Ohms, the inductor-
constant L = 0.5 Henry (No capacitor is attached to the circuit). Initially, the current is 6 amperes. Find the current
i(t) in the circuit at any time ¢. Find the steady-state-current.

[Solution: 0.5¢'(t) + 10i(t) = 10> + ¢. Thus '(t) + 20i(t) = 20t> + 2¢. Thus i(t) = [(20t* 4 2¢)e*** dt/e*t.
Hence i(t) = t2¢? + ce=2%. Since i(0) = 6, ¢ = 6. Thus i(t) = t2e?° + 672, Since 62" approaches zero
when t is very huge, the steady-state-current is t2¢%%. |

Electric source of an electric circuit is given as F(t) = 10sin(¢), the resistor-constance R = 180 Ohms, the
inductor-constant L = 20 Henry, capacitor-constant ¢ = 1/280. Initially, the current is 1 ampere and no charge on
the capacitor. Find the current 4(¢) in the circuit at any time ¢. Find the steady-state-current.

[Solution: 20¢'?) + 180¢’ +280g = 10sin(t). Thus (1) ¢ +9¢' + 14q = 0.5sin(t). We know q(t) = g (t) + g, (t).
To find g1, (t): set ¢» + 9¢' + 14¢g = 0. Thus m? +9m + 14 = 0. g, (t) = cre=? + c2e 7% To find ¢, (¢): we may
use undetermined coefficient method: so ¢, (t) = asin(t) + bcos(t). by substitution in (1) we have a = 13/500 and
b = —9/500. Thus q(t) = cie™2 + cre™"* + dsin(t) + s5cos(t). Since i(0) = ¢’(0) = 1 and g(0) = 0. We
have ¢; = 110/500 and ¢; = —101/500. Now derive ¢(t) in order to get i(¢). Note that the steady-state-current is
s5c08(t) + so5sin(t)]

QUESTION 27. (i) Find the critical points of ' = —y? + 7y — 10 and classify each as stable, semi-stable, unstable..

(i)
(iii)

For the equation above, roughly sketch the solution graph if y(0) = 4.

Find the actual solution for the equation above(in I) (i.e. solve the given D. E), [Hint: use separable method, you
need to use integration by fraction]]
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(iv)

()

(vi)

A body at a temperature 50 F is placed outside where the temperature is 100 F. If after 5 minutes, the temperature
of the body is 60 F. a) How long it will take the body to reach 60 F? b) What is the temperature of the body after
20 minutes?[Solution: d7'/dt = k(T — 100). Solve it by separable or first order linear. 7' = ce~** 4 100. Note that
T(0) = 50 and T'(5) = 60. For (a): the answer is t = 15.4 minutes. For (b) the answer is 79.5F

Let A(t) be the amount of salt at any time t. A tank initially holds 100 gallons of a mixture containing 20 kg of salt.
A fresh water is poured into the tank at the rate 5 gal/min, while the well stirred mixture leaves the tank at the same
rate. a) Find A(t). [Hint dA/dt = 0 — [5(1/100)]A(t) = 0 — A(t)/20. So A(t) = ce~*/?°. Note that A(0) = 20 so
find c, note that fresh water means each gallon enters the tank has 0 kg of salt!, concentration of salt in each gallon
leaves the tank is A(t)/(100 + 5t — 5¢) = A(t)/100]

Let A(¢) be the amount of salt at any time t. A 50-gal tank initially holds 10 gallons of fresh water (i.e. A(0) = 0).
A mixture containing 1 kg of salt per gallon is poured into the tank at the rate 4 gal/min, while the well stirred
mixture leaves the tank at rate 2 gal/min. a) Find A(t). b) Find the amount of salt at the moment of overflow?
[Hint dA/dt = 4 — [2(1/(10 + 4t — 2t)]A(t) = 4 — 2/(10 + 2t) A(¢). Solve it using first order linear method,
A(t) = (40t + 4¢2)/(10 + 2t). Note that A(0) = 0, concentration of salt in each gallon leaves the tank is
A(t)/(10 + 4t — 2t) = A(t)/(10 + 2t). For b) note overflow occurs when volume of mixture in the tank = volume
of the tank. Volume of the tank is 50. Volume of mixture (liquid) in the tank is (10 + 4t - 2t) = 10 + 2t). Thus set 10
+ 2t =50. We get t = 20. Now find A(20), I guess A(20) = 48kg. ]

QUESTION 28. (i) Find £ { U (.I — 3) 62%}

(11)

(iii)
(iv)
)
(vi)
ii)

11)

1X)

Find g{fO SZ?%(Z’I“) d’l“} [ Hint : Note e73" = 73733 Thus ¢{ [, e~ sin(2r) dr} =
g3 fo 3e=3rgin(2r) dr}]

Fmdf 1{ s+10

(s+4)*
rna {72 (s+3) 2+4}
. -1y 1
Use CONVOLUTION Twice to find g { 52 (82 _|_9) }

} [Hint: Use 5]

. —1
Use convolution to ﬁndé {(S+4)2((8+4 2_|_9

. . 6—35
Find /¢ 1{12_4}
Let
2 0<zxr<4
6 >4
Solve y?) — 6y’ + 8y = k(x), y(0)=1/(0) = O [hint : first
write K(x) 1n terms of Unit function]
Solve : y/(z) — [ 2e" "y(r) dr = ze*, y(0) =0

k(x) =
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